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Abstract
In recent work, it was shown that velocity-dependent forces between moving strings or branes lead to an accelerating
expanding universe without assuming the existence of a cosmological constant. Here we show that the repulsive velocity-
dependent force arises in more general contexts and can lead to cosmic structure formation.
In [1,2], it was shown that the velocity-dependent
forces between parallel fundamental strings lead to an
expanding universe in one less dimension. The same
result was noted to hold for parallel identical p-branes
in general as well as for dual branes, such as the case
of fundamental strings propagating in a solitonic five-
brane background. In the particular, case of a four-
dimensional universe, it was shown by both a mean-
field approximation [1] and a spherical “shell” model
[2] that the early universe for these models under-
goes an inflationary exponential growth, equivalent to
a positive cosmological constant. Power-law acceler-
ating expansion was found for other dimensions.
The expanding spherical model of [2] is easily
adaptable to the case of a spatially flat (k = 0)
universe. Following the calculation of [2], one again
finds an exponential growth in the early universe.
This is certainly no surprise, since the mean-field
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approximation of [1], whose findings agree with those
of [2], makes no reference to the curvature of the
universe. We shall therefore assume henceforth that
the mean-field approximation represents a reasonable
first-approximation to the general expansion of the
universe in this kind of model.
The mean-field approximation essentially assumes
that the many-body dynamics of the moving strings
can be averaged by the one-body problem of a single
string moving in the background of a much larger
string. Let xi be the coordinate of the moving test
string in the transverse space, where the source string
is at the origin, r2 = xixi and x˙2 = x˙i x˙i . Let h =
1 + k/rn, where k is the Noether charge of the source
string, and n = D − 4, where D is the number of
spacetime dimensions. We obtain the Lagrangian [1]
(1)L=−mh−1(√1− hx˙2 − 1),
and Hamiltonian
(2)H = m
h
(
1√
1− hx˙2 − 1
)
=E,
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where m is the mass of the test string and E is
its constant energy. For parallel fundamental strings
in D spacetime dimensions, (1) and (2) lead to an
accelerating, expanding universe.
The spherically-symmetric multi-string model in
[2] was constructed to test the validity of the mean-
field results, with agreement being found between the
two methods.
The exponential accelerating universe found in
[1,2] is not peculiar to string theory. It can easily
be checked that the low-velocity Lagrangian for, say,
moving extremal Reissner–Nordström black holes [3]
also leads to an exponentially expanding universe
in the mean-field approximation. In this case, the
Lagrangian is a low-velocity two-body interaction
L=−M + 1
2
M V 2
(3)+ 1
2
µv2([1+M/r]3 − 2µM2/r3),
where M = m1 + m2, µ = m1m2/M , V is the CM
velocity, v is the relative velocity and r = |r| is the
relative separation between the two black holes. In
fact, it was shown in [3] that three-body and four-body
interactions also exist, but these lead to the same result
in the mean-field limit for the general behaviour of the
expansion.
One can go even further and show that the mean-
field approximation of [1] leads to an accelerating
expanding universe whenever the velocity-dependent
Lagrangian has the form
(4)L= mv
2
2
(
1+ f (r)v2),
as in the case of maximally supersymmetric strings or
branes up to O(v4) in [1,2], or of the form
(5)L= mv
2
2
(
1+ g(r)),
as in [3], whenever f (r) and g(r) are monotonically
decreasing functions of the separation r . Assuming
only radial motion, this can be easily seen from the
Euler–Lagrange equations by noting that the radial
acceleration r¨ is always positive, given by
(6)r¨ =− 3r˙
4f ′
2(1+ 6f r˙2) ,
for (4) and by
(7)r¨ =− r˙
2g′
2(1+ g) ,
for (5), where ′ indicates differentiation with respect
to r , so that f ′ and g′ are always negative.
The fact that this kind of velocity-dependent force
is always repulsive easily explains an accelerating
growth in the size of the model universe, simply
since it implies an accelerating separation between the
various constituents. This kind of interaction, on the
other hand, would seem to make it difficult, if not
impossible, for any cosmic structure, or clumping of
any sort, to arise. Interestingly enough, this may not
be the case at all.
This can be seen by revisiting, say, the fundamental
string model of (1). It was shown in [1] that, if an
initial outward motion is assumed, then by using a
mean-field approximation, one can replace the total
repulsive force by a single radial force due to a large
source string at the origin. From (2), it follows that
(8)r˙2 = ρ(hρ + 2)
(hρ + 1)2 ,
where ρ = E/m. Here k essentially represents the
total Noether charge of these extremal fundamental
strings and therefore the total mass of the universe
in this model. For n = 2, in the limit of small r˙ , (8)
reduces to
(9)r˙2  ρ
2
k
,
which for initial positive r˙ leads to the exponential
growth
(10)r = r0 exp
(
t/
√
k
)
.
Suppose now that, within the exponential expan-
sion in the early universe of the fundamental string (or
brane) model of (1), a test string had an initial out-
ward velocity, but at some point acquired a velocity
towards a local configuration of strings, whose total
mass is much larger than that of the test string. Again,
in the mean-field approximation, we assume that the
repulsive force due to this local mass configuration
may be taken to be radial, governed by the same equa-
tion (8), but now with effective Noether charge k′ < k.
Since the test string is oriented towards the local con-
figuration, the solution of (9) for the separation r ′ be-
tween the test string and the local configuration takes
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the form
(11)r ′ = r ′0 exp
(−t/√k′ ).
Thus the velocity-dependent force, while still repul-
sive, allows for the test string to head towards the local
configuration, essentially acting as a critical damping.
This allows for structure formation within the general
expansion. The same result occurs for Lagrangians (4)
and (5).
To summarize, the strings may be moving out-
wardly in general, at an accelerating pace, but the non-
radial components of the velocities necessarily lead
to some strings moving towards each other. The ve-
locity dependent forces between the strings is at all
times repulsive, but it is such that the strings may yet
join together, or produce stable clusters and hence cos-
mic structure. This scenario occurs in the very earliest
stages of the expansion, after which the whole model
probably loses validity, but once the anisotropies (or
density variations) are formed, they can presumbly be
stabilized, once gravitational forces begin to outweigh
the repulsive quantum interactions. This might in turn
occur as a result of the departure of the strings from
extremality due to the acquisition of energy.
The above arguments are based on a mean-field
approximation, which is assumed to be fairly robust.
The specific toy model considered here is much too
simplistic to represent a serious cosmological model.
In particular, in the absence of specific assumptions
on the anisotropy arising from the departures from a
purely radial expansion, the time scale for structure
formation implied by (11) is much too small.1 Never-
theless, the possibility that clumping could take place
in the context of the repulsive velocity-dependent
force suggests that a more realistic model of this type
may give rise to structure formation. It would therefore
be of interest to try to understand the general statis-
tical multi-body problem for these interacting strings
or extremal black holes. Work on this problem is in
progress.
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